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Review of Statistics
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Review of Statistics

> Statistics:

» Usearandom sampleto answer questions about an unknown
characteristic of a population distribution

» Estimation:

» Compute a“best guess” numerical value for an unknown
characteristic of a population distribution

» Hypothesistesting:

» Evaluate aspecific hypothesis about an unknown
characteristic of apopulation distribution

» Confidenceintervals:

» Estimate arange of “likely” valuesfor an unknown
characteristic of a population distribution
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Estimation of the Population Mean

Hypothesis Tests Concerning the Population Mean
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Comparing Means from Different Populations

Scatterplots, the Sample Covariance and the Sample Correlation
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Outline

Estimation of the Population Mean
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Estimator Versus Estimate

» Estimator: A function of asample drawn randomly from the
population

» Estimate: The numerical value of an estimator when it is
computed using a specific sample

> Estimator is arandom variable, estimate is anonrandom
number
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Estimators Versus Estimate (cont’d)
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Properties of Estimators

» Bias and unbiasedness:
» The bias of fiy is E[fly] = uy
> [y is unbiased if E[fiy] = uy
» Consistency:

P
» [y is consistent if Iy = uy (convergence in probability)

> [y E>,uy means that lim P, [uy — € < fiy < py + €] = 1 for
n—-oo
alle >0

» Variance and efficiency
» [y and fiy are two unbiased estimators

> [iy is more efficient that iy if Var[fiy] < Var|[jy]



Properties of Y

» Assumptions:
» Y, ..., Y, areiid. draws (simple random sampling)
> E[Y]] = uy andVar[Y;] = 6% < o
> Y Isan unbiased and consistent estimator of iy
> Sampling Distribution: E[Y] = py
> Law of large numbers: ¥ 5 Uy

> Y is the Best Linear Unbiased Estimator (BLUE) of uy
» letiy = %Z’i’;l a;Y; whereay, ..., a,, are non random constants
> [FE[fiy] = py, thenVar[Y] < Var[fy] unless fiy = Y

> Y is the least squares estimator of iy

> m =Y minimizes ¥, (Y; — m)?



Outline

Hypothesis Tests Concerning the Population Mean
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Null and Alternative Hypothesis

» Null hypothesis (Hy): The hypothesis to be tested

H
Hy = py :.uyo

» Alternative hypothesis (H1): The hypothesis that holds if the null does
not

» Two-sided: Hy : py # ,ug"
» One-sided: H; : py > ,ug" (orHy :uy < ,uf,lo)
» Needto usethe sampleto decide whether to “accept” or reject Hy

» We never really accept Hy, we just fall to reject it

10/29



The p-Value

> Y will rarely be exactly equal to ,uf,lo (H, false and/or sampling
uncertainty)

= Needto decide how far is far enough for rejecting Hy

» P-value (significance probability): Probability of drawing a
statistic at least asadverseto Hpasthe oneactually observed in
the sample, assuming Hois correct

» The higher the p-value the more likely it is that the deviation
from Hoyou observed was due to random chance

» The lower the p-value the more likely it is that the deviation
from Hoyou observed wasdue to Ho being false

» To compute the p-value weneedto know the sampling
distribution of the statistic (e.g. ¥) under Ho
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Calculating the p-Value When gy Is Known

_ 2
» Central limit theorem: Under Hy,Y~N (ugo,%) for largen

» This means that wecan compute the p-value as

[ H — H
Y — 0 actual __ 0
p — value = Py, 050 4 oy Ho
Vn Vn
—actual __ ,,Ho
—2x o[- 5y a
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Calculating the p-Value When gy isknown (cont’d)

The p-value is the shaded area
in the graph
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Sample Variance, Sample Standard Deviation, and Standard Error

» Sample variance

1 n _
S 1Z(Y P = —1ZY"Z+n—1Y2

» Sample standard deviation:

SY:,’S}%

> s2 isan unbiased and consistent estimator of o2 :
E[s{] = of
s 5 of
> Standard error of ¥ Estimator of the standard deviation of ¥

SE[Y] =

2l
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Calculating the p-Value When gy Is Unknown

» In practice we compute the p-value by replacing the unknown

|

Oy
N

with its estimator SE[Y]

=actual Hp
y —

= H
Y —pp° Ho

SE[Y] SE[Y]

oo )

, p
> This works because sZ — o (we are close enough to the true
value in large samples)

p — value = Py >

—actual Ho
y - .u()

SE[Y]
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The t-Statistic

» t-statistic: Standardized sample average (or other estimator of

interest)
= H,
Il
SE [17]
» This is an example of atest statistic, astatistic usedto perform
a hypothesistest

» We can compute the p-value also using the t-statistic
p — value = 2 x ¢p(—|tactuat|)
Where

=actual Hp
y - .uo

SE[Y]

tactual —



Hypothesis Testing with a Prespecified Significance Level

» Hypothesis tests can be performed without computing p-value
by specifying in advance the probability you tolerate of
incorrectly rejecting H

» Forinstance, reject Hy whenever p-value is lessthan 5%

» Because the area under the tails of N (0,1) outside of +1.96is
5%, this gives asimple rule: Reject H, if |ta““al| > 1.96

» Most commonly we use 5%, but you may want to useamore
conservative approach in somecases

» When choosing the significance level, you face a tradeoff
between size and power of the test



The Terminology of Hypothesis Testing

» Type | error: Hois rejected wheniit is true
» Type |l error: Hois not rejected whenit is false
» Significance level: Prespecified probability of type lerror

» Critical value: Value of the test statistic for which Hois just
rejected

» Rejection region: Values of the test statistic for which Hois
rejected

» Acceptance region: Values of the test statistic for which Hois
not rejected

» Size of the test: Probability of incorrectly rejecting Ho
» Power of the test: Probability of correctly rejecting Ho



One-Sided Alternatives

» One-sided alternative hypothesis: H; : py > ,ug"
» Only large positive values of the t-statistic reject H
p — value = 1 — p(tatual)
» Critical value at the 5% significance level 1.64
» One-sided alternative hypothesis: H; : py < ,uf,’o
» Only large negative values of the t-statistic reject Hy
p — value = ¢(cactual)

» Critical value at the 5% significance level -1.64



Example

» Y =hourly earnings of recent college graduates in the US
> HO = Uy = ZOIHl:MY * 20
> n=200Y =2264 s, = 18.14

18.14
> SE(Y) = 2= =128
>t =228420_ 506
1.28

> p=2xd(—2.06) = 0.039



Outline

Confidence Intervals for the Population Mean
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Confidence Intervals for the Population Mean

» Confidenceinterval: set of valuesthat contain py with a
prespecified probability (called confidencekevel)

» Coverage probability: Probability that the confidence set

contains Uy
Y

» (1 — a)% confidenceinterval for uy is the collation of all ug"
that are not rejected at the a% significance level

» 95% confidence interval for uy :
[V — 1.96 x SE[Y],Y + 1.96 x SE[Y]]
P[Y — 196 x SE[Y] < uy <Y + 196 x SE[Y]] = 0.95



Example

» Y =hourly earnings of recent college graduates in the US

> n=200,Y =2264, sy, = 18.14

> SE(Y) = b’ﬂ* 1.28

» 95% CI : 22.64 + 1.96 x 1.28 = [20.13,25.15]



Outline

Comparing Means from Different Populations
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Hypothesis Tests and Confidence Intervals for the
Difference Between Two Means

» Hy : Um — phw = do VS Hy * flyy — hyy # do
> Sample: Ny, Ny Yo Yoo Sty Swr

> Estimator: ¥, — Y,

> Standard error:

_ — — sz s2
SE[Y,-Y,] = JVar[Ym]+Var[Yw]= — +=
Nm Ny

Ym—Yw—do
> T-statistic: t = —E[Y X ~N(0,1) for large n,, and n,,

under Hy

> 95% confidence interval: ¥, — ¥,, + 1.96 x SE[Y,, — ¥,,]



Example

» Y =hourly earnings of recent college graduates in the US
» Ho: by — mw = 0, Hy: iy — U = 0

> n, = 1838, Y, = 2498, s,, = 11.78

> n,, = 1871,Y, = 2087, s,, = 9.66

> Y, —Y, =411

= = 11,782 = 19.662
> SE(Ym —YW) = / 1838 + 871 = 0.35

> t=210_ 1147
0.35

> p=2xXdp(—11.47) = 0
> 95% CI : 4.11 + 1.96 x 0.35 = [3.41,4.80]
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Outline

Scatterplots, the Sample Covariance and the Sample Correlation
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Scatterplot, Sample Covariance, and Sample Correlation

» Scatterplot: Plot of n observations on X; and Y; in which each
observation is represented by the point (X;, Y;)
» Sample covariance:

n n
1 Z(X D —F) = — ny " gy
X T n—14 ' n—-14.""" n-1
=1 i=1
» Samplecorrelation:
N Sxy
XY S¢Sy
» Sample covariance and correlation are consistent estimators:
p
Sxy = Oxy
p

Txy = Pxy
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Scatterplots for Four Hypothetical Data Sets
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